Abstract -A mathematical model of constitutional chemistry is described which is well suited as a theoretical basis for the deductive solution of a variety of chemical problems by computer programs. Within this framewerk the chemical constitution of molecules and ensembles of molecules (EM) is represented by BE-matrices, whose rows and columns are assigned to the considered atomic cores, and whose entries represent covalent bonds and free valence electrons. Chemical reactions are represented by transforming the BE-matrix B of the beginning EM into the BE-matrix E of the end EM by addition of an R-matrix R according to the master equation B + R = E of the present theory.
Abstract -A mathematical model of constitutional chemistry is described which is well suited as a theoretical basis for the deductive solution of a variety of chemical problems by computer programs. Within this framewerk the chemical constitution of molecules and ensembles of molecules (EM) is represented by BE-matrices, whose rows and columns are assigned to the considered atomic cores, and whose entries represent covalent bonds and free valence electrons. Chemical reactions are represented by transforming the BE-matrix B of the beginning EM into the BE-matrix E of the end EM by addition of an R-matrix R according to the master equation B + R = E of the present theory.
With a given initial matrix B, those R-matrices R whose addition to B represent chemical reactions can be generated mathematically without any information on individual chemical reactions. Tl'1e applications of this approach are synthesis design and the prediction of the products which may conceivably be formed from combinations of listed chemical compounds. When the basis elements of the R-matrices are used in a successive mode in this context, results may be obtained which take into account mechanistic aspects of chemicai reacttions. A pair (B,E) representing the beginning and end EM of any chemical reaction, or a sequence of chemical reactions yields a difference matrix E -B = R = ~Rv whose components Rv may be used to generate networks of react1on pathways that lead from EM(B) to EM(E). This may also be used for synthesis design, or for the elucidation of reaction mechanisms. From given R-matrices R one may generate those pairs (B,E) which satisfy B + R = E, and thus systematically "invent" chemical reactions. The deductive approach yields unprecedented conceivable solutions to chemical problems. These can be screened through selection rules which are based on general chemical experience.
Computersand Chemistry
The capabilities of computers with respect to numerical calculations as well as data storage and retrieval play an essential role in modern chemistry. This is illustrated by the spectacular successes of quantum chemistry and also by current computer-assisted chemical documentation.
In the foreseeable future problem-solving computer programs with artificial intelligence features will a~uire similar importance for chemistry. The synthesis design pro2rams LHASA , SEcs2, SYNCHEM3, and the Leverkusen Peptide Synthesis Program (LPSP) were the first chemical computer programs with artificial intelligence features, e. g. decision-making processes in combination with complex information processing and data manipulation.
At the beginning of this decade a universal mathematical model of constitutional chemistry was introduced which involves the theory of the BE-and R-matrices5. This mathematical model may serve as the basis for computer programs with artificial intelligence capabilities which generate solutions to particular chemical problems, starting from a general theory, and simulating deductive reasoning. These computer programs have inventive capacity and are capable of generating solutions to chemical problems which involve unprecedented chemistry.
Isomerie Ensembles of Molecules and the Chemistry of a Given Set of Atoms
Our mathematical model of constitutional chemistry is based on extending the concept of isomerism from molecules to ensembles of molecules (EM).
With a given set of atoms A = A,, •.•• ,An any molecule, or collection of two or more molecules, which contains each atom of A once and only once in an EM belanging to A, is denoted by EM(A). The term FIEM(A) is used for the family of all EM(A).
Within the chemistry of a given set of atoms A, any chemical reaction, or sequence of chemical reactions may be regarded as the conversion of an EM(A) into an isomeric EM' (A). Accordingly the whole chemistry of A is given by the EM(A) and their interconversions within the FIEM(A).
A theory of the FIEM(A) is at the same time a universal theory of chemistry. Any part of chemistry is contained in the FIEM(A) of a suitably chosen set of atoms.
A detailed computation and subsequent analysis of the whole energy hypersurface of any set of atoms A by quantum mechanical methods would make all essential features of the chemistry of A predictable.
This will, however, not be possible in the near future for the chemically interesting cases, due to the vast amount of the required computations.
Matrix Representation of EM
The concept of a covalent bond as a pair of electrons in an orbital comprizing two atomic cores and the conservation of the total nurober of valence electrons as well as the atomic cores consisting of the atomic nuclei and the inner shell electrons suffice as the starting points of a mathematical theory of the FIEM which is well suited as a foundation of computer programs for the deductive solution of chemical problems.
Within this theory the chemical constitution of a molecule or EM with n atoms is described by an n x n BE-matrix B with non-negative entries bij· In a BE-matrix the i-th row and column is associated with the core of the atom Ai. The formal covalent bond order between the atoms Ai and Aj is represented by the off-diagonal entry bij (i f j) in the i-th row and j-th colurnn.
Since a bond from A~ to Aj is also a bond from Aj to Ai, we have bji=qj. Thus, a BE-matrix is syrnrnetric. The i-th diagonal entry bii is the nurober of free valence electrons belanging to Ai. In BHCN the entries b12 = b21 = 1 correspond to the single bond between H and C, and b33 = 2 to the pair of free electrons at the N atom.
In a BE-matrix the rowjcolurnn surn s. indicates the nurober of valence electrons which belong formally to Ai, and the cross sum
is the total nurober of valence electrons in the orbitals associated with Ai• For atoms obeying the octet rule6 we have Si = 8. The sum over all entries
is the total nurober of valence electrons in the EM.
In stable molecules each atom can only have certain cornbinations of values for the nurobers Si and Si characteristic for the valence state for a given chemical element, and bij forapair of elements7. In the case of reactive intermediates some further cornbinations are acceptable. Table 1 contains some characteristic cornbinations of these numbers for the first 18 chemical elernents which may be called their valence chemical stability rules. Table 2 is a survey of the latter.
The row/colurnn indices i = 1, ••• ,n of an n x n BE-matrix can be assigned to the n atoms of an EM in n! different ways. Accordingly an EM can be representted by up to n: equivalent BE-matrices which differ by row/colurnn permutations. Thus, any two n x n BE-matrices B and B' belong to the same EM, if there exists an n x n permutation matrix pt which transforms B' into B according to (4) .
With a unique assignment of BE-matrices to molecules, or EM, the BEmatrices would be ideally suited for chemical documentation, not only for internal documentation within computer programs on the basis of the present theory of constitutional chemistry.
In order to achieve a unique representation of an EM by a BE-matrix, one assigns the row/column indices 1, .•• ,n of the BE-matrix in a canonical manner. For this purpese the programs NOONB and CANON9 have been developed. NOON results in an indexing which in most cases parallels the one obtained by the Morgan algorithmlO but avoids its pitfalls. Both CANON and NOON are well suited for chemical documentation, since they may also be used in the description of stereochemical features.
Generally, the stereochemical nomenclature systems involve the conceptual dissection of molecules into skeletons and ligands, and sequential erdering of the latter. This cannot only be achieved through sequence rules, like the CIP rules12, but also through the atomic indices of the a-atoms of the ligands i. e., the atoms which are directly connected with the molecular skeletoni1, 13 . CANON assigns indices to the atoms in a molecule which simultaneously give the order of the ligands through the indices of their a-atorns whose order corresponds to their CIP sequential order, with a few well defined exeptions. Furthermore CANON uniquely determines the sequence of ligands in those cases where there are apparent difficulties in applying the CIP rules.
Another type of equivalency of BE-matrices arises from resonance. Molecules, or EM, with delocalized n-electron systems can be represented by two or more resonance formulas. These correspond to distinct BE-matrices which are equivalent descriptions of the considered EM. This resonance equivalence of BE-matrices must be taken into accovnt ln chemical computer programs involving BE-matrices. Resonance equivalent BE-matrices differ only by the values of their non-zero off-diagonal entries, but not by their placement. Accordingly, it is easy to obtain a whole set of resonance equivalent BEmatrices from any member of the set.
Matrix Representation of Chemical Reactions
A chemical reaction, or sequence of chemical reactions, begins with an EM(B) and ends with an isomeric EM(E). It proceeds with conservation of the atomic cores-änd leads to a redistribution of the valence electrons, corresponding to a change in the location of the covalent bonds and free electrons.
The reaction EM (B) ~EM (E) corresponds to a transformation B--+ E of the BE-matrix B of EM(B) into the BE-matrix E of EM(E). Yoneda14 was the first to describe a chemical reaction by a matrix transformation, however, the type of matrices which he used is different from the BE-and R-matrices.
For reasons which will become obvious in the subsequent discussion the transformation B ~ E is best accomplished through a so called R-transformation by the addition of an R-matrix R toB (see (5)), according to the master equation (5) of the present theory.
Thus, the entries eij of E are determinid by the entries bij of B, and the entries rij of R (see (6) ). The R-matrices are symmetric; with bij = bji and eji' eq. rij = rji·
(6) requires
The off-diagonal entries rij = rji (i ~ j) of an R-matrix indicate the changes in formal covalent bond order, and the associated change in free electron distribution is given by the diagonal entries rii· For example, the reaction j_ ~ 1_ is represented by BHCN --7 EHNC
Recently a series of papers15 was published in which the representation of a large nurober of chemical reactions by R-matrices is listed. Since equations (5) and (10) represent the same reaction, they are equivalent.
In this context any two n x n R-martices, Rand R', are equivalent, if
An R-matrix corresponds to a pattern of valence electron flow. Any two Rmatrices which are interconvertible by insertion.or removal of rows and columns which contain only zeros represent the same type of electron flow. An R-matrix from which all empty rows and columns have been removed is called an irreducible R-matrix. A canonical form of an irreducible R-matrix may serve as the representation of all chemical reactions with the same electron flow. Accordingly they are said to belong to the same R-category.
Since the description of chemical reactions may range from its R-category down to a detailed one by eq. (5), combined with a statement about its stereochemical features, a hierarchic documentation system of chemical reactions may be based on the present concept.
An R-matrix fits eq. (5) only, if its negative entries rij = -rij are placed to match some positive entries bij' i. e. PAAC 50:!!i12 t with a given beginning matrix B 1 the mathematical fitting condition5 in combination with the mathematical structure of the R-matrices 1 as given by eq. (8) 1 and the symmetry requirement permits to manufacture all R.:.matrices which are potential candidates for the representation of conceivable chemical reactions which EM(B) may undergo 1 or by which EM(B) may be formed.
In order to confine the R-transformations of B to those which lead to a chemically meaningful result E or EM(E) 1 one selects only those R-matricesl for which the E = B + R fulfil those valence chemical stability rules which may also be called a boundary condition. Table I ). We refer to this as the valence chemical fitting condition 1 which may also be called a boundary condition.
With beginning matrix B and fitting conditions given mathematical structure of the R-matrices suffices to determine the R-matrices which can be added to B to yield representations of conceivable chemical reactions. Thus 1 representation of conceivable chemical reactions are deducible from general principles without any specific prior knowledge about these reactions.
Accordingly 1 a computer program could generate from b12 = b21 = 1 and b33 = 2 of BHCN the entries r12 = r21 = -1 and r33= -2 of an R-matrixl which fits BHCN mathematically1 and then "fill up" the R-matrix by the mathematically and valence chemically acceptable entries r, 3 = r 31 = +1 and r 22 = +2.
Thereby the reaction 1.---+ 1._ would be "reinvented"' by a computer wi tl'i.out any specific input concerning this reaction.
This unique "creative" capability of the present theory is essential to the design of computer programs for the deductive solution of chemical problems.
Chemical Metric
An n x n BE-matrix B with entries bij corresponds to a vector with n2 components (b11 1 .
•. It is expedient to define the distance between P(B) and P(E) as
This distance has a Straightforward chemical interpretation: the value of D(B1El 1 the chemical distance between P(B) and P(E) 1 is twice the number of valence electrons which participate directly in the reaction EM(B)~EM(E).
The origin of the coordinates in Rn 2 is given by 0 1 the n x n zero matrix. The chemical distance of a BE-point P(B) from the origin is therefore equal to
s ( 14) i. e. the number of valence electrons in EM(B). Since all EM(A) contain the same number of valence electrons 1 the BE-points of an FIEM(A) must lie on the surface of a "hypersphen!' whose "chemical radius" is S.
Further 1 these points belong to a lattice of points in Rn 2 with positive integer coordi- Beginning with an arbitrary indexing of the atoms in EM(B) and a corresponding BE-matrix Ba, the desirable indices of the atoms in EM(B) are found through the permutation matrices Pk' for which D(P:/{• Ba Pk•,Eol has a minimum value. Since this minimum is difficult to determine by numerical methods16, Pk' is found through the maximum value of
This correlation of atomic index assignments in two isomeric EM is useful for the elucidati_on of reaction mechanisms and the design of sy11theses where not only the target and is coproducts but also the starting materials are knownl7
The Components of R-Matrices
An R-matrix R can be written as a sum of components according to eq. (16)
This decomposition of R can be carried out to yield components Rv which belong to a basis of the additive free Abelian group R(n) to which the n x n R-matrices belong5.
When an R-transformation B + R fitting conditions E can be carried out stepwise under the B + R 1 = E 1 E1 + R2 = E2 ( 17) the intermediate BE-matrices E 1 , ••.
• ,E may be interpreted as intermediates of the reaction represented by B + R =rE.
The network of all conceivable reaction paths which may lead from a beginning EM(B) to an end EM(E) is obtained from B through successive action of the components Rv of R = E -B under the fitting conditions. Here the assignment of the row/column indices to the atoms must be maintained for all considered BE-matrices. If necessary, this can be ascertained by the aforementioned procedure.
The Design of Syntheses
In the retrieval oriented synthesis design programs1 -4 synthetic precursors are generated from the target molecule through the action of transforms. The transforms are contained in the reaction libraries of such programs and represent synthetically useful chemical reactions, as their retroreactions. The selection of transforms from the reaction library is guided by the perceived structural features of the target molecule. The structural feature 3, or 4, in a target induces the application of transforms referring to the aldol condensation and leads to 5 and 6 as precursors for 3, or 4, respectively .
••. -CH-CH 2 -c-... By successive applications of transforms one obtains, starting from the target, a tree of synthetic pathways which correspond to sequences of reactions stored in the reaction library. For the reactions in the reaction library the scope is known and can be taken into account.
Therefore the synthetic pathways which are generated by a retrieval oriented synthetic design program are quite likely to succeed experimentally.
The drawback is, that no synthetic pathways are obtained which contain reactions without precedent. A computer program for synthesis design would need the capability of generating reactions leading to a given target which are not contained in, or implied by, the reaction library in order to be able to design syntheses which contain hitherto unknown reactions. This necessitates deriving from general principles transforms which correspond to the conceivable reactions leading to the formation of a given target molecule. These general transforms require the redistribution of the valence electrons in a manner which does not lead for any one of the involved atoms to a "forbidden" electronic configuration. Furthermore the allowable electron redistribution must not be applied to the target molecule alone, but to the target tagether with its coproducts; otherwise one would be limited to syntheses by rearrangement and addition reactions and exlude e. g. condensation reactions.
The coproducts of synthetic reactions are generally small low-energy molecules such as water, carbon dioxide etc. With a coproduct list of less than 30 such compounds, it is hard to find any known organic synthesis which yields coproducts which are not contained in the list?
Thus, one could consider the various combinations of the target molecule with members of the coproduct list and carry out all of the conceivable redistributions of valence electrons which are valence chemically permissible.
Such a procedure of generalizing the transforms of a reaction library, however, would at best lead to the concepts of the mathematical model outlined above+. Existent reaction libraries could then be used-like any other computer file on chemical reactions -to check whether or not any one of the generalized transforms corresponds to known reactions.
Computer programs which can generate all conceivable reactions exist already at a rather advanced stage of development in the form of some deductive synthesis design programs on the basis of the mathematical model of constitutional chemistry. In the pilot program CICLOPS7 and the synthesis design program EROs18,19which evolved from the latter, the synthetic pathways are generated by a formal procedure. In these programs the BE-matrix E(Z) of the target molecule Z is augmented by the conceivable coproducts C which may be formed during the synthesis of Z. Thus, the BE-matrix E(Z,C) of an EM(Z,C) is obtained which consists of Z and some of its conceivable coproducts. The Rtransformations of E(Z,C) by certain mathematically and valence chemically fitting R-matrices, whose negative off-diagonal entries correspond to one, two or three of the "breakable bonds" in the target EM(Z,C), lead to BE-matrices of precursors which are analysed according to selection rules which are based on general chemical experience. In EROS the enthalpy changes which accompany the proposed synthetic reactions are emphasized.
In order to evaluate the capabilities of EROS some synthetic targets were subjected to the program, e. g. ß-propiolactam, perfluoro-n-propyl ether, and pyridoxal18. Without prior knowledge of the synthetic pathways which had been found for these targets, the output of EROS contained among others also some recently published synthetic pathways by which the above target compounds are formed. 
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The successive action of the basis elements Rij to a BE-matrix E under the mathematical and valence chemical fitting conditions generates a sequence of BE-matrices B1,B2, .•• which correspond either to the characteristic intermediates of chemical reactions or to the stable EM(B), from which EM(E) may conceivably be obtained.
On this basis a new type of deductive synthesis design program is being developed20. The first results which have been obtained with this program are most encouraging. For example, from ethyl acetate as the synthetic target and water as the coproduct all of the known syntheses for ethyl acetate are generated. + W. T. Wipke pointed out during a discussion in Sept. 1976 that the capabilities of a retrieval oriented synthesis design program may be extended by the use of generalized, or what he termed ab initio transforms, which are in a one-to-one correspondence with certain valence chemically allowable R-transformations. Thus, our model of constitutional chemistry might also serve as a theoretical foundation of an extension of the retrieval type chemical computer programs.
Synthesis design by these programs may be visualized in terms of pathways in Rn2 which begin with the BE-point P(Z,C) and proceed via intermediate BEpoints to the BE-point P(A) of those EM which consist of available starting materials only. These pathways are generated stepwise beginning with a scan of the vicinity of P(Z,C) within a suitably chosen chemical distance, and proceeding successively to further vicinities of the BE-points of intermediates.
With a list L of available starting r.1aterials, and an algorithm to choose EM(A) S L from this list as starting materials, it is also possible to design syntheses from both ends E(Z,C) and B(A). Suitable EM(A) can be found by comparison of the substructures of Z and then members of L, and when the EM(A) and EM(Z,C) are known, then the atoms can be appropriately indexed by minimizing the chemical distance D(B,E) . T~e components or basis elements of R = E -B are then used under fitting conditions to generate networks of pathways between P (B) and P (E). · Synthesis design from "both ends"'is most promising, because of the complete "look ahead" and the relatively small number of intermediates and pathways to be taken into consideration.:
The Scope of Deductive Chemical Computer Programs
Due to its universal nature, the mathematical model of constitutional chemistry has many other potential uses in computer chemistry besides the design of syntheses.
It is possible to predict the products which may conceivably be obtained from a given chemical compound when it is reacted with some listed reaction partners. The considered chemical may be an agricultural chemical which is used in an environment containing certain reactive partners, or it may be the coproduct of a synthesis which is not directly usable, and for which one tries to find chemical uses. One could predict the products which may be obtained from this coproduct by reacting it with listed inexpensive reactants. For a given set of reactants not only the desired products but also the potential formation of undesirable by-products could be foreseen21.
From the initial and final EM of a known reaction the network of all conceivable reaction mechanisms could be generated by the use of R-matrix basis elements.
Even the systematic discovery of new reactions is within the scope of the present theory. A given R-matrix R may be used to find all pairs (B,E) of BEmatrices which satisfy the master equation (5) under mathematical and valence chemical fitting conditions. These matrices B and E are found from R via the matrices B0 and Eo by addition of matrices X. The matrix B 0 is obtained from R through replacing its positive entries by zeros, and the negative entries by positive ones with the same number values. The matrix E 0 results from R by replacement of the negative entries by zeros. The matrix X is found from Bo and Eo by associating the rows/columns of B and E with certain chemical elements and selecting the entries of X in accordance with the mathematical and chemical fitting rules for B + R = E. Thus, one would find all conceivable reactions which are represented by R and by all R-matrices which are equivalent to R by belanging to the same irreducible R-matrix.
Since there exists only a relatively small number (<100) of non-equivalent irreducible R-matrices, it does not seem tobe unrealistic to expect that it will be possible to generate representatives for all conceivable basic types of chemical reactions, as long as these involve EM's that are representable by BE-matrices.
As soon as adjacency matrices, topological matrices, or connectivity matrices22-26were used in the representation of molecules, it became obvious that the known chemical reactions could be described by suitably defined transformations of such matrices. Without our mathematical model, constitutional chemistry and its master equation The need for detailed information on chemical reactions is eliminated by the fact that for the chemistry of any set of n atoms the R-matrices belang to the set R(n) of n x n symmetric matrices whose entries add up to zero. The members of the set R(n) can be generated according to their mathematical structures without any chemical knowledge. Those members of R(n) which represent the chemical reaction of a given EM can be picked from R(n) according to the mathematical and valence chemical fitting conditions, with due consideration of the chemical distance aspect. It is also possible to find those BE-matrices which can be combined with a given R-matrix to give a chemically meaningful solution of the master equation. Further, the additive group theoretical properties of the R-matrices afford the decomposition of overall chemical changes into a sequence of reaction steps. Thus, with a given BE-matrix B the master equation may be solved under the mathematical fitting conditions and the valence chemical boundary conditions to yield R and E. When two BE-matrices, B and E, are known the R-matrix R = E -B may be obtained, as well as its components in permissible order. Also one can begin with an R-matrix and find those pairs (B,E) of BE-matrices which satisfy the master equation in a chemically meaningful way.
Generally any one of these approaches yields a large number of solutions to the master equation. In order to reduce the number of solutions as much as possible without relinquishing valuable information, one needs selection rules which take into account chemical experience. Accordingly, chemical knowledge is not neglected in the sense of CNPE (~omplete ~eglect of ~rior experience)27, although it is not used in the primary processes of inforrnation production.
Empirical data may not only be used to establish general selection rules for deductive chemical computer programs, but suitably organized detailed files of chemical compounds and reactions may serve well for determining whether or not some computer generated solutions of a chemical problern have already been reported in the literature, as direct precedent, or at least in the form of analogs. Thereby part of the solutions of a problern can be related to the literature, while others are pointed out as being without precedence. This type of approach is to be recommended very much for future developments, since it provides the best of both worlds, namely on the one hand the advantages of the mathematical model with full coverage of all conceivable solutions to a chemical problern and the expediency of matrix addition, and on the other hand access to existent documented chemical information, without the need of converting it into a device for retrieval oriented problern solving.
Under the assumption that in the future computer programs for the deductive solut~on of chemical problems will be routine tools for the ehernist which are used in combination with suitably organized files of empirical data, chemists will be relieved of some routine in chemical problern solving and be reminded of some solutions of problems of which they would not have thought due to the natural limitations of human experience and thought. The ehernist would then have more time to concentrate on issues in which computers may at least provide some help, such as the selection of worthwhile research problems, or the search for optimum conditions for experiments. 
